The radial profiles of gas, stars, and far ultraviolet radiation in 20 dwarf Irregular galaxies are converted to stability parameters and scale heights for a test of the importance of two-dimensional (2D) instabilities in promoting star formation. A detailed model of this instability involving gaseous and stellar fluids with self-consistent thicknesses and energy dissipation on a perturbation crossing time give the unstable growth rates. We find that all locations are effectively stable to 2D perturbations, mostly because the disks are thick. We then consider the average volume densities in the midplanes, evaluated from the observed HI surface densities and calculated scale heights. The radial profiles of the star formation rates are equal to about 1% of the HI surface densities divided by the free fall times at the average midplane densities. This 1% resembles the efficiency per unit free fall time commonly found in other cases. There is a further variation of this efficiency with radius in all of our galaxies, following the exponential disk with a scale length equal to about twice the stellar mass scale length. This additional variation is modeled by the molecular fraction in a diffuse medium using radiative transfer solutions for galaxies with the observed dimensions and properties of our sample. We conclude that star formation is activated by a combination of threedimensional gaseous gravitational processes and molecule formation. Implications for outer disk structure and formation are discussed.
Introduction
The outer parts of spiral galaxies (Kennicutt 1989 ) and most of dwarf irregular galaxies (Hunter & Plummer 1996; Meurer et al. 1996; van Zee et al. 1997; Hunter et al. 1998 ) appear to be marginally or wholly stable according to the common Toomre condition for a single fluid disk of zero thickness. However, star formation still occurs there (Ferguson et al. 1998; LeLièvre & Roy 2000; Thilker et et al. (2011) . Our analysis of thickness is similar to theirs, based on the multi-component model of vertical equilibrium in Narayan & Jog (2002) .
We find that, considering disk thickness, nearly all of our dIrrs are effectively stable in two dimensions throughout. That is, their instability growth times are all very long, as calculated for a gas+star mixture with equilibrium disk thicknesses and gaseous energy dissipation on a perturbation crossing time, as in a realistic turbulent medium (Elmegreen 2011 ). This appears to rule out 2D instabilities as a model for star formation. We then investigate the possible role of 3D processes by considering the dynamical time at the midplane density, rather than the growth time of a 2D instability. We consider that the SFR per unit area scales with the product of the HI gas column density and the dynamical rate from the 3D density (as in, e.g., Elmegreen 2002; Krumholz et al. 2009a Krumholz et al. , 2012 . The multiplicative factor that connects these two rates turns out to be the usual ∼ 1% (Krumholz & Tan 2007) . Thus, star formation still follows 3D gravitational processes even where the conventional Toomre Q parameter predicts a high level of 2D stability.
We also find a residual dependence of this multiplicative factor on radius, for which two models are considered. The first model has the SFR connected to the HI dynamical rate by an efficiency factor ff that is proportional to the molecular fraction when both the molecular and atomic layers have the same radial dependence for thickness. In this model, the radiation field that determines the molecular fraction has a volume emissivity proportional to the stellar density. The second model has the SFR connected directly to the H 2 dynamical rate with a constant efficiency and assumes the thickness of the molecular layer is constant with radius. For this, the radiation field that determines the molecular fraction has a volume emissivity proportional to the density of FUV radiation. In both cases, the molecular fraction is determined from radiative transfer solutions in a diffuse medium using the observed or derived average gradients in stellar density and intensity, gas density, and scale height.
Additional models consider the variation of the molecular fraction with radius using the formulism in Krumholz et al. (2009a,b) and using another method that integrates over the probability distribution function for cloud column density with a separation between high column clouds that form molecules and low column clouds that do not. In both cases, the usual threshold behavior for the formation of H 2 appears, suggesting a sudden drop in molecular fraction at some radius in the galaxy. Such a drop is not observed in the star formation rates here and may not be appropriate for the far-outer regions of galaxies which presumably have a low molecular fraction throughout.
In what follows, Section 2 describes the observations, Section 3 demonstrates that the dIrrs in our survey have relatively thick disks, Section 4 shows they are significantly stabilized by thickness against 2D disk instabilities, and Section 5 considers a fundamental star formation law based on 3D dynamical processes with some efficiency. Section 6.1 looks at the radial trends in our data for the purpose of understanding a radial trend found in the efficiency. Section 6.2 considers that this efficiency trend results from variations in the molecular fraction in a diffuse interstellar medium, which depends on molecular self-shielding and mutual shielding inside of and between diffuse clouds. The molecular fraction depends on the radiation field, so we solve the equation of radiative transfer for a dIrr galaxy in Section 6.3 using the average radial trends for gaseous and stellar densities and scale heights. A model using FUV radiation for molecular dissociation (Section 6.4) requires a uniform line-of-sight thickness for the H 2 clouds, rather than a disk flare as inferred for the HI. Other models considering a threshold behavior for H 2 formation are in Section 6.5. A discussion about the implications of these results for the outer edges of galaxies is in Section 7. The conclusions are in Section 8.
Observations
The 20 dIrr galaxies used in this study are a sub-sample of the 41 galaxies that constitute the LITTLE THINGS (Local Irregulars That Trace Luminosity Extremes, The H i Nearby Galaxy Survey) sample ). The galaxies listed in Table 1 were chosen from the larger sample to be those having stellar mass density profiles in Zhang et al. (2012) and H i rotation curves in Oh et al. (2015) . The galaxies are relatively nearby (<10.3 Mpc), gas-rich, and have recent star formation. One galaxy, the Blue Compact Dwarf Haro 29, is suspected of having undergone a recent interaction (Ashley et al. 2013) . Otherwise, the sample galaxies are expected to be representative of dIrrs with on-going star formation through primarily internal processes.
The gas data used here were derived from cubes of H i emission as a function of velocity obtained with the Very Large Array (VLA 1 ). The observations, calibration and mapping procedures are described by Hunter et al. (2012) . The rotation curves were determined using a tilted-ring model through an iterative process that deconvolves bulk rotation from non-circular motions (Oh et al. 2011 (Oh et al. , 2014 . Here, we use the observed rotation curves before an asymmetric drift correction is applied because that is appropriate for the actual gas angular momentum and the value of κ in the Toomre parameter Q. The H i mass density profiles were determined from the Naturally-weighted integrated H i (moment zero) maps using the parameters determined from the rotation curve fitting (center, position angle, inclination, annuli width). The H i mass was multiplied by 1.36 to include He. Uncertainties in the azimuthally averaged gas mass are estimated to be < 10%. The gas velocity dispersion profiles were measured from the flux-weighted dispersion (moment 2) maps also derived from the Naturally-weighted H i cubes.
The stellar mass surface density profiles are from Zhang et al. (2012) . That study performed spectral energy distribution (SED) fitting to surface photometry from Galaxy Evolution Explorer (GALEX, Martin et al. 2005 ) FUV and NUV, Lowell Observatory U BV and Hα, and Spitzer (Werner et al. 2004) 3.6 µm images (Fazio et al. 2004 ). The stellar azimuthally-averaged surface photometry used ellipse parameters appropriate to the stellar disk and determined from the V -band image (Hunter & Elmegreen 2006) . Modeling the photometry used a library of 4×10 6 star formation histories and lifetimes divided into six logarithmic age bins. A Chabrier IMF was assumed.
The stellar velocity dispersions are evaluated from the expression σ star = 10.0 −0.15M B −1.27 km s −1 (Swaters 1999; Johnson et al. 2012 Johnson et al. , 2015 for B-band absolute magnitude M B . These dispersion are assumed to be constant with radius.
The current SFRs are taken as proportional to the FUV surface photometry, given in Hunter et al. (2010) and updated by Zhang et al. (2012) to use a more recent data reduction pipeline and to include all of the LITTLE THINGS galaxies. The surface brightnesses, µ FUV , used here are AB magnitudes per square arcsec corrected for extinction. The FUV surface photometry is converted to a SFR surface density based on a multiplicative factor between L FUV and SFR FUV given by Kennicutt (1998) and modified for the sub-solar metallicities of the dIrrs by Hunter et al. (2010) . The result is Σ SFR = 10 −0.4µ FUV +7.415 M pc −2 Myr −1 for a Salpeter IMF. For a Chabrier IMF, the mass is smaller by the factor 0.55, and that is what we use here: Σ SFR = 10 −0.4µ FUV +7.155 M pc −2 Myr −1 . The FUV flux density is obtained by the usual formula, F FUV = 10 −0.4(µ FUV +48.6) erg cm −2 s −1 Hz −1 arcsec −2 .
The stellar mass densities, gas densities, rotation velocities, gas velocity dispersions, and FUV surface brightnesses were collected from azimuthally-averaged surface photometry and surface density profiles. The intersection of these data sets is 20 galaxies. The widths of the annuli used were fixed for each galaxy, but vary from galaxy to galaxy: 20 pc (IC1613) to 340 pc (DDO 52), with a median over the 20 galaxies of 120 pc. This is the spatial resolution of our study.
The uncertainties in the SED fittings that produce the stellar masses increase as one goes to the outer disk. For example, in CVnIdwA, one of the fainter dwarfs, the last annulus in which we quote a stellar mass density gives the value log(M pc −2 ) = −0.88
+0.24
−0.20 . However, as the uncertainty in the stellar mass climbs, the stellar mass density itself drops and the total mass is dominated by the gas. Therefore, the contribution of the stellar mass uncertainty to the total baryonic mass uncertainty is small. The uncertainty of the FUV surface photometry also increases as the surface brightness drops. We stop when the uncertainty reaches 0.5 mag.
The derivative of the rotation curve at a particular radius, which is used to evaluate the epicyclic frequency κ, was obtained from the difference between the rotation values on either side of that radius. Irregularities in the rotation curves produce irregularities in κ, but they are usually not large. The local values for the derived quantities do not influence the main conclusions here anyway.
3. Two-dimensional gravitational stability at low surface density with a thick disk Two-dimensional stability in a disk can be measured by the Toomre parameter Q = κσ/(3.36GΣ) for epicyclic frequency κ, radial velocity dispersion σ, and mass surface density Σ. The factor 3.36 is for a stellar fluid (Toomre 1964) ; it should be π for a gaseous fluid (Safronov 1960) . In a flat rotation curve, κ ∼ 1/R for galactocentric radius R, and for a typical exponential disk, Σ ∝ e −R/R D , so that Q ∝ e R/R D /R for nearly constant σ. Such a Q is a decreasing and then increasing function of radius. The increase in the outer part of the disk implies these regions should be stable. More realistic analyses could consider combined gas+star disks, disks with several components of gas at different temperatures, disks with stars plus a highly dissipative turbulent gas, disks with spiral waves that might trigger local gravitational collapse even with a high average Q, etc.
Disk thickness also has an effect. It decreases the in-plane force of gravity per unit mass column density in a disk because the part of the mass that is far from the midplane directs the force vector away from the plane. Vandervoort (1970) showed that in 2D models, the disk mass column density Σ should be decreased by the factor (1 + kH) −1 to account for this, where k is the wavenumber (inverse length) of a column density perturbation and H is the disk half thickness. A more detailed study of thickness effects in Elmegreen (2011) confirms this factor and shows that it is accurate to within 12% for a wide range of conditions, compared to a directly integrated force in three dimensions. Because dIrr galaxies and the outer parts of spiral galaxies in general are thought to be relatively thick, there should also be a trend toward greater stability in these regions compared to the conventional 2D analysis just from thickness effects.
The radial profiles compiled for the present survey (Sect. 2) provide good confirmation of these points. Figure 1 shows histograms of the conventional 2D instability parameter Q = κσ/(πGΣ) for gas alone and for stars alone (using π in the denominator for stars too), measured at each radius in each galaxy. Q is generally much larger than unity, which implies stability. Also shown is a histogram of the ratio of the azimuthally-averaged gas surface density to the critical surface density Σ crit = 0.7κσ/(3.36G) based on the condition Q = 1.4 from Kennicutt (1989) . This ratio is low, meaning the disks are stable in a conventional sense, in agreement with the high values of Q for the gas. The Q values are so large that the 2-fluid disk should also be stable, if we consider that the effective Q value is the harmonic sum of the gaseous and stellar values (Wang & Silk 1994) . Thickness corrections to this harmonic sum from Romeo & Wiegert (2011) make the disks even more stable in 2D. Figure 2 shows histograms of the scale heights. These heights are more complicated to calculate than Q because they require a simultaneous equilibrium solution to the vertical distributions of both gas and stars, with the inclusion of forces from dark matter inside the disk (Narayan & Jog 2002) . A detailed description of how this is done is in Elmegreen (2011) . An assumed dimensionless parameter is the ratio πD of the column densities of dark matter to stars in the center of the galaxy. Other dimensionless parameters are the slope of the rotation curve, called α in that paper, the maximum value of the rotation speed (at large distance) divided by the local stellar velocity dispersion,v max , the conventional Q values for stars and gas, the ratio of the velocity dispersions for stars and gas, and the ratio of column densities for stars and gas. The equilibrium solution gives the central densities for stars and gas, and then the scale heights are taken to be half of the ratios of the column densities to the central densities. For this dimensionless calculation, the resulting scale heights are normalized to the dimension of length, σ star /κ, which is the half-width of a stellar epicycle in the radial direction. We find that the scale heights do not depend noticeably on D, α andv max , after trying a range of values, and so we use D = 1, α = 0.4, andv max = 8 for what follows. For example, the valuev max ∼ 5 for the center of DDO 168 found by Johnson et al. (2015) is consistent with our assumption. The other parameters needed to evaluate the scale heights, as listed above, are taken from the observed radial profiles (Sect. 2).
The histograms in Figure 2 show the distribution of gaseous and stellar scale heights measured in kpc, the ratios of these heights to the local radii, and the ratios of these heights to the local dimensional length, σ star /κ. Evaluations of these quantities are made at each measured radius for each galaxy. Evidently, the disks are thick in absolute terms (H star ∼ H gas ∼ 0.5 kpc), thick when compared to their local radii (H/R ∼ 0.6) and also thick compared to their local epicyclic radii (Hκ/σ star ∼ 3 − 5). This large relative thickness explains the finding by Dalcanton et al. (2004) that dwarf galaxies do not have thin dust layers.
We conclude from Figures 1 and 2 that the dIrr galaxies in our sample are stable by the conventional 2D stability parameter, Q, and that they are relatively thick, making them even more stable than what the large Q values imply. Still, these outer disks form stars with a nearly continuous exponential FUV profile that approximately matches the V-band profile (Hunter et al. 2010 ). Thus they cannot be so stable. The problem could be the conventional 2D analysis, so we consider first in what follows a more complete 2D model with a realistic equation of state and thickness effects included. We find that this fails to explain the star formation also, so we follow that in Section 5 with a consideration of the 3D problem.
Stability analyses for thick two-fluid disks with turbulent energy dissipation
To evaluate the possibility of gravitational instabilities in our sample galaxies, we need to consider the calculated disk thicknesses in addition to the other measured parameters seen in projection. The most complete model for this is the two-fluid instability model in Elmegreen (2011) , which also considers the realistic case where the gas is always dissipative with a rate proportional to the crossing time over a perturbation length. This is expected for a supersonic turbulent fluid, and is unlike the case for a thermal or adiabatic fluid which can have an equilibrium unperturbed state. For a turbulent fluid, the gas always dissipates energy unless this energy is re-supplied by either the instabilities themselves, or by the stars that they generate. Prior to the instabilities or star formation, however, the gas is always dissipative.
We follow the analysis in Elmegreen (2011) and calculate the growth rate as a function of wavenumber for each radius in each galaxy, assuming perturbations in a dissipative star+gas mixture, using self-consistent scale heights evaluated as in Section 3. We find that when we use the full scale heights, many disks are so stable for all wavenumbers that the growth time exceeds a Hubble time. To make this point, we show in Figures 3 and 4 a selection of results for the growth time versus the perturbation scale length (Fig. 3) , and the minimum growth time considering all perturbation lengths, versus the radius (Fig. 4) . The curves are color coded so that blue curves assume much thinner gaseous and stellar scale heights for the evaluation of the two-fluid growth time than the calculated (true) scale heights, by a factor of 10, the green curves consider scale heights that are 0.4 times the calculated values, and the black curves consider zero-thickness disks as an extreme case. Red curves assume the correct thicknesses, as calculated by the method discussed in Section 3.
In Figure 3 , each curve is a dispersion relation, i.e., growth time versus perturbation length, for a single radial annulus in the galaxy indicated. All of the galaxies had dispersion relations like this, to varying degrees, so we only show the results for DDO 50 and DDO 75. Each dispersion relation has a minimum growth time at some intermediate length scale, increasing times for shorter lengths because these are smaller than the disk thickness, and increasing times for longer lengths because of rotational effects. There is no minimum scale for instability (i.e., no threshold Jeans length) in the turbulent-dissipation model. The left-hand panels of Figure 3 show the case where the thickness is forced to be 0.1 times the calculated thickness, the middle panels show 0.4 times the calculated thickness, and the right-hand panels show the correct dispersion relation with the full, self-consistent thickness. All radial annuli are evaluated, although for the 0.4H and full-thickness cases, very few annuli have solutions for unstable growth. This means that the actual disks are effectively stable against 2D perturbations.
The shortest growth times regardless of perturbation scale are shown in Figure 4 as a function of radius for all of the galaxies. There are very few red curves, which represent the case where the full thickness is assumed; most of these cases had minimum growth times longer than a Hubble time and are not shown. All galaxies have black curves plotted, which assume the thicknesses are zero, but this is unrealistic. Some have blue curves, which are for 0.1 times the full thickness and still unrealistic. Unstable timescales comparable to a Gyr for ∼ 0.5 kpc perturbation scales are shown by the green curves, but even that is somewhat unrealistic as it assumes only 0.4 times the proper thickness. Figure 5 considers the two-fluid, thick-disk result again, now combined with measures of the SFR, taken to be proportional to the FUV flux density as described above. First, for reference in the left panel, the FUV flux density is plotted versus the gas surface density, showing the usual result for outer disks and dIrr galaxies ) that star formation is proportional to the square or higher power of the gas column density. The SFR per unit area scales directly with the FUV flux as shown by the right-hand axis. Each point in the plot is from a different radial annulus in one of the galaxies. The red line is a fit to all of the points and it has a slope of 1.76 ± 0.08, where the error is the 90% confidence level in a Student t-test. The green line is an average of the fits to each different galaxy; it has a slope of 2.95 ± 2.09, where the error is the standard deviation of the individual slopes. All of the linear fits in this paper are least squares for ordinate versus abscissa.
The middle panel of Figure 5 shows the ratio of the local gas surface density to the local critical surface density for gravitational instabilities in the usual 2D thin-disk analysis. This ratio is less than 1, as also shown in Figure 1 , but now a dependence on the minimum growth time of the local gravitational instability, τ GI , is indicated. This is the same two-fluid, thick-disk instability whose growth time was plotted in Figures 3 and 4 . As the growth time increases, the ratio Σ gas /Σ crit decreases, as expected since long growth times correspond to stable conditions. The different colors are again for the different assumptions about thickness used for the instability calculation (black: zero thickness, blue: 0.1H, green: 0.4H, red: full thickness). Again, there are very few red dots and those that are plotted occur only for the largest Σ gas /Σ crit (i.e., the realistically thick disks are stable except for the most unstable cases according to the conventional stability criterion). Westfall et al. (2014) also examined the dependence of the SFR on the two-fluid Q value, finding an inverse correlation analogous to that shown here: high effective Q corresponds to longer two-fluid growth times in our figure, and thus to slower star formation. They also find that the disks in their sample of late-type galaxies are mostly stable because of thickness effects, like we find here.
The right-hand panel in Figure 5 shows the FUV flux density and Σ SFR again versus a firstguess at what the SFR might be from a theory of two-fluid, thick-disk instabilities, namely, Σ gas /τ GI for unstable growth time τ GI . The colors are as before with red showing the realistic case of disks with their full thickness. There is no good correlation between Σ SFR and the simple 2D theory unless the disks have zero thickness (black dots) and then the SFR is about 1% of the theoretical rate. This 1% is interesting because it corresponds to an efficiency of 1% for the conversion of gas into stars at the local dynamical rate (e.g., Krumholz & Tan 2007) . However, the assumption of zero thickness is unreasonable. We shall recover this ∼ 1% efficiency in a more realistic, 3D model in the next section.
We conclude from this two-fluid, thick-disk stability analysis that our dIrr galaxies are essentially stable against 2D self-gravitational processes. These processes are usually considered relevant for star formation, as, for example, with the common use of a critical column density or Toomre Q threshold, but our galaxies have what appears to be normal star formation in these regions and yet essentially no 2D instabilities. What this lack of 2D instability really seems to mean is that there are no spiral waves, which are 2D processes, and that star formation is fundamentally a 3D process. We know there are no spiral waves in these galaxies, as they are Irregulars. The 2D gravitational instability as a spiral instability, even considering thick disks, should be considered separately from 3D gravitational processes that may lead to star formation.
Extrapolating a bit further, we infer that there could be an unobserved cold and thin-disk component in these disks where star formation is actually occurring (Sect. 6.4). In this component, gravitational instabilities and other processes involving self-gravity would be much stronger than in the average thick gas disk considered above. Formation of this cold component is a 3D process since it involves cooling, collecting and settling of thick disk gas into a thin cloudy layer. The dynamics of star formation is probably controlled by gravitational and other forces acting in and on this cold thin component. The Mach number could be low there, even sub-sonic, as in the outer regions of the galaxies modeled by Kraljic et al. (2014) . An example of such a cold component would be a relatively thin distribution of cool diffuse clouds, which, because of mutual and self-shielding from background stellar light, convert into molecular form. Mutual gravity and turbulent motions that bring these diffuse H 2 clouds together could then be the triggering process for star formation on timescales of tens of millions of years. For such a process, the unstable growth times shown by the black curves and dots in Figures 4 and 5, which assume zero thickness, would be more relevant than the growth times shown by the red curves and dots, which assume the full thickness of the HI layer given by the observed gaseous velocity dispersions and mass column densities.
A three dimensional star formation recipe
The measured surface densities and derived disk thicknesses allow us to calculate the 3D densities for both gas and stars, and therefore the Jeans time, (4πGρ) −0.5 , or the idealized free-fall time for a uniform sphere, τ ff = (32Gρ/3π) −0.5 . Figure 6 shows various comparisons between the SFR and models using τ ff . These are now 3D models because they involve space density for the dynamical rates, not solutions to the 2D growth rates.
The upper left panel of Figure 6 shows the FUV intensity and Σ SFR versus a 3D first-guess model for the SFR, Σ gas /τ ff , using the observed HI properties for the gas. There is a good correlation with slopes of 1.06 ± 0.04 in the red line, which is for all of the points together, and 1.61 ± 0.58 in the green line, which is the average of all of the slopes for the individual galaxies without any weighting. The errors are as above, from a Student t-test and from the rms scatter in the individual slopes, respectively. The closeness of these slopes to unity implies the surface SFR is tracking the 3D dynamical rate.
The conversion between an approximately squared dependence of Σ SFR on Σ gas and an approximately linear dependence of Σ SFR on Σ gas /τ ff implies that the disk thickness is changing systematically with both τ ff and Σ gas . These dependencies are shown in the middle and right-hand panels on the top of Figure 6 , where H gas ∝ τ ff and H gas ∝ Σ −1 gas . Note that for equilibrium in an isothermal one-component fluid, H = σ 2 /(πGΣ) and ρ = Σ/(2H). If H ∝ Σ −1 as in the upper right-hand panel, then ρ ∝ Σ 2 and τ ff ∝ Σ −1 . This converts Σ 2 as in Figure 5 left, to Σ/τ ff as in Figure 6 top-left. In fact Figure 6 uses fits to the HI thickness involving gravity from gas, stars and dark matter, but the scaling between quantities ends up about the same as in this idealized isothermal model. The physical point is that the empirical star formation law appears to change from approximately linear with gas surface density in the inner parts of spiral galaxies to approximately quadratic in the outer parts of spiral galaxies and in dIrrs because of a general thickening of the disk at low surface densities. This point was also made by Barnes et al. (2012) using observations of spiral galaxies.
The left panel in the middle row of Figure 6 shows the FUV intensity and Σ SFR versus a similar model SFR where now the 3D average local HI gas density used for the free fall time has been replaced by the 3D average local stellar density. The motivation for this replacement comes from observations of the good correlation between the SFR and the stellar surface density (Shi et al. 2011) or stellar volume density (Ostriker et al. 2010; Kim et al. 2013 ) (see also Fig. 7 below) . The fitted lines indicated have slopes of 0.93 ± 0.04 (all points, red line) and 1.31 ± 0.56 (average of individual galaxies, green line), with the error limits defined as before. The correlation is about as good as when the free fall time involves the HI gas density, although there is a little more horizontal scatter in the stellar density case. This similarity for the two cases is because the stellar and HI gaseous densities scale with each other (middle panel, middle row). For this density-density correlation, the indicated fits have slopes of 1.24±0.07 (all points, red line) and 1.63±0.84 (average of individual galaxies, green line). The reason the stellar density scales steeper than linearly with the gas density is that the gas-to-star ratio tends to increase in the outer parts of the disks. Indeed, at the lowest values in the outer disks, the HI gas densities are about 10 times the stellar densities; at the highest values in the inner disks, the HI gas and star densities are about the same.
The right-hand panel in the middle row of Figure 6 plots the FUV intensity versus the gas (red) and stellar (blue) surface densities. The gas values are clearly shifted towards higher values. The dispersion in the correlation is higher for the stars than the gas, suggesting that the physical processes of star formation are determined mostly by the gas, with stars playing a secondary role, such as determining the scale height, radiation field, etc.
The bottom-left panel shows the ratio of the observed SFR, calculated as before from the azimuthally-averaged FUV intensity, to the 3D first-guess SFR, calculated as before from the ratio of the azimuthally-averaged HI gas surface density to the 3D free fall time. This ratio has become known as the efficiency of star formation per unit free-fall time, ff , considering a star formation law where the SFR per unit area equals ff Σ gas /τ ff (Elmegreen 2002; Krumholz et al. 2009a Krumholz et al. , 2012 . All of the points cluster around a nearly constant efficiency that is within a factor of three of 1%. The actual average in the figure is log 10 ff = −1.99, which corresponds to ff = 1.0%.
The efficiency is shown again in the middle panel of the bottom row of Figure 6 , with one point for each radial annulus in each galaxy, but now spread out along the abscissa so that radial trends can be seen. The plot moves from left to right with increasing radius and from one galaxy to the next. There is an increasing segmented line showing the jumps from one galaxy to another; i.e., the segmented line is horizontal inside each galaxy and then increments upward by one unit for the next galaxy. The order of the galaxies is the same as in Table 1 . The scatter in efficiency in the bottom-middle panel is the same as in the bottom-left panel, as the ordinate values are exactly the same, but now a trend appears such that within each galaxy, the points show a systematic decrease with increasing radius.
These radial decreases in efficiency are shown again in the bottom-right panel where each galaxy is now plotted as a separate curve, normalized in radius to the V-band scale length, R D .
There is clearly a systematic dependence of ff on R/R D ; the average trend is given by the red curve. The left-hand axis for this plot has the log of ff with a base-10 logarithm, while the righthand axis has ln ff with a natural log. The two black straight lines in the bottom-right panel are drawn to guide the eye; they have slopes of −1 and −0.5 using the natural log axis, as labeled. The average fitted slope of −0.54 is given by the black dotted curve. The trend in ln ff versus R/R D has a slope of about −0.5, which means that ff decreases exponentially with radius in proportion to the square root of the V-band surface brightness, which would have a slope of −1 on such a plot (e.g., see Figure 8 below). In other words, ff is exponential with a scale length that is about twice the scale length of the optical disk. An exponential decrease in the efficiency with radius was also shown by Yim et al. (2014) for four spiral galaxies. In the next section, we discuss a possible origin for the radial dependence of the efficiency of star formation.
The dependence of the SFR on the surface density of stars deserves another look. Shi et al. (2011) find a good correlation with ff ∝ Σ 0.5 star . We show the analogous dependency for our galaxies in Figure 7 . This differs from the left panel in the middle row of Figure 6 , because that uses 1/τ ff ∝ ρ 0.5 star on the abscissa instead of Σ star . The correlation in Figure 7 is steeper than the Shi et al. correlation, with an average slope of 0.76, as shown by the dashed red line. However, if we consider only the low surface brightness and late-type galaxies in Shi et al. (2011) , which are most similar to our galaxies, then their correlation with Σ star is also steeper than their derived average slope of 0.5. Consider the LSB and late-type points in their Figures 1 and 3 , and especially their Figure 5 , which is the combined result for 12 of their spiral galaxies. Their plotted points for those galaxies, ie., for the lowest SFR galaxies in their Figure 5 , have a steeper slope than all of the points combined, and steeper than their least-squares fit to all of the points. The slope for the low-SFR points in their Figure 5 is closer to 1 than 0.5, and in approximate agreement with the slope we find here in Figure 7 . Thus our data agree approximately with the THINGS data used in Shi et al. (2011) .
6. Radial variation of the efficiency as an indicator of varying molecular fractions
Radial variations
The 3D star formation model used in the previous section,
contains the quantity Σ gas that has been set equal to the HI column density. Considering the measured value of ff ∼ 1%, the implication of this equation is that approximately 1% of the HI gas turns into stars per unit free fall time as measured at the average midplane density of HI. Of course, stars are not forming at the average midplane HI density; they form in denser clouds. Nor is the free fall time in the star-forming gas as long as the free fall time at the average density; stars form in dense molecular gas on much shorter local timescales (discussed below in Sect. 6.4).
To get some sense of the values and radial trends for the gaseous and stellar surface densities, 3D space densities, and scale heights, Figure 8 plots these quantities using a separate curve for each galaxy. The plots use a natural logarithm on the ordinate and a linear normalized radial scale on the abscissa, so that the slopes of the curves can be readily identified in relation to the exponential light profiles, which all have slopes of −1, by definition. Each panel also shows fiducial slopes of −1 and −0.5 as straight lines, and in the cases of 3D stellar density and FUV flux, −1.5, as labeled. The average trends are summarized in Table 2 , which gives the natural log of the central value ("V") for comparison to the figure, the physical values at the center and at 4R/R D , and the exponential factor, which is the slope in the figure. Standard deviations come from the galaxy-to-galaxy variation. Table 2 also gives the average radial variation of gas velocity dispersion from the HI observations and the derived quantity τ ff .
There are clear trends shared by these galaxies. The stellar surface density profile (top middle) has a slope of about −1, showing essentially the exponential disk as viewed in the V-band (although the surface density was determined from SED fitting). The stellar and gaseous scale heights (top and middle right-hand panels) are similar to each other and both increase with radius about as exp(0.5R/R D ). The stellar volume density therefore decreases with radius as exp(−1.5R/R D ), from Σ star /H star , as shown in the top left panel. This rapid decrease of stellar density corresponds to a similar decrease in volume emissivity for V-band stellar light, j V , and it occurs throughout the entire radial range in most of the disks; volume emissivity does not follow the projected radial profile but is steeper because of the steady increase with radius in the disk thickness.
The surface density of HI gas follows a shallower trend than the surface density of stars, being more like exp(−0.5R/R D ). Thus the 3D HI density varies as Σ gas /H gas ∝ exp(−R/R D ), as shown in the middle left panel. The absorption coefficient from dust, κ a , is proportional to the gas density for constant metallicity (as observed in dIrrs; Pagel et al. 1980; Roy et al. 1996; Kobulnicky & Skillman 1996 , so it should also follow the exp(−R/R D ) trend. As a result, the local radiation field in V-band, < Φ V > does not mimic the projected light distribution, which would be exp(−R/R D ), but rather < Φ V >∼ j V /κ a ∼ exp(−0.5R/R D ), which has twice the scale length. Local radiation fields are higher in the outer parts of these galaxies than the projected light profiles suggest. Similarly, the local gas density drops faster with radius than the observed column density.
On the bottom left of Figure 8 is the FUV flux density and Σ SFR versus radius in a plot of the natural-log versus R/R D . This panel shows a variation of the areal SFR that is proportional to the power 1.5 of the V-band surface brightness, i.e., the slope is −1.5 on that plot. Thus the volume emissivity of the SFR scales as exp(−2R/R D ), considering the H star variation. In the bottom central panel is the ratio n star /n gas , which is proportional to the ratio of the V-band volume emissivity, j V , to the absorption coefficient from dust, κ a ; it scales with the square root of the V-band surface brightness.
This difference between local radiation field and surface brightness calls into question an assumption of the star formation models in Ostriker et al. (2010) , Kim et al. (2013), and Krumholz (2013) , which was that the local radiation field follows the SFR per unit area. As mentioned above, the radiation field in V-band is approximately < Φ V >∼ j V /κ a where j V ∝ Σ star /H star and κ a ∝ ρ gas ∝ Σ gas /H gas for small metallicity gradient. Thus < Φ V >∝ Σ star H gas / (Σ gas H star ). But H gas ∝ H star from Figure 8 , thus < Φ V >∝ Σ star /Σ gas which is shallower than Σ star alone. Similarly, in FUV, < Φ FUV >∝ j FUV /κ a ∝ exp(−R/R D ) which is shallower than Σ SFR ∝ exp(−1.5R/R D ). Also in a study of 17 spirals and 5 dIrrs in the THINGS survey (Bigiel et al. 2010 ), Σ gas and the intensity of FUV both vary approximately exponentially in the outer parts, with a generally shallower slope for Σ gas than FUV; thus the local radiation field should be shallower than the FUV profile for the THINGS galaxies too.
The bottom right panel of Figure 8 shows the natural logarithm of the ratio Σ gas /τ ff versus normalized radius. There is a direct scaling with the V-band (i.e., the slope is about −1). This direct scaling also follows from the middle panels Figure 8 considering that τ ff ∝ ρ −1/2 gas , because in the middle-center panel, Σ gas ∝ exp(−0.5R/R D ) and in the left-center panel, ρ gas ∝ exp(−R/R D ). The ratio of the plotted quantities in the bottom left and right-hand panels is the efficiency, plotted in the lower right of Figure 6 . This ratio has the residual dependence on exp(−0.5R/R D ) as shown in Figure 6 because the SFR profile is steeper than the purely dynamical profile given by Σ gas /τ ff for HI. The residual variation could be from the molecular fraction, as discussed in the next section.
We note that the radial variation of the disk density from stars and dark matter, usually dominated by stars, is not considered in Krumholz (2013) , which is a study of star formation at low HI surface density, as is the present paper. This quantity, called ρ sd in that paper, is taken to be constant for all gas surface densities, Σ, in their theoretical Kennicutt-Schmidt plots of Σ SFR versus Σ gas , when in fact all three quantities, Σ SFR , Σ gas and ρ star vary with radius for the galaxies studied here. That is, ρ star varies as approximately the 3rd power of Σ gas in the radial direction.
An interesting feature of the radial dependencies for Σ gas (HI) and n(HI) is that n(HI) is proportional to the total interstellar pressure, P . This is because P ∼ πGΣ 2 gas /2 for our gasdominated disks and Σ gas ∝ exp(−0.5R/R D ) from Figure 8 . Thus P ∝ exp(−R/R D ), and this is also proportional to n(HI), from Figure 8.
Molecular diffuse clouds
The average midplane HI gas densities in our dIrr disks are rather low, with values of exp(−1.5) = 0.2 cm −3 starting in the center and then decreasing outward (middle row, left panel in Fig. 8 ). This implies that the gas is generally tenuous, much more so than in the local solar neighborhood. Still, the gas is probably cloudy with the observed HI only an average over clouds inside the HI resolution limit and spread out around a radial annulus. The denser parts of these clouds and those shielded from radiation could be partially molecular, although not necessarily self-gravitating. We refer to non-self-gravitating clouds as diffuse.
"Standard" diffuse clouds in the solar neighborhood are mostly H 2 (Hollenbach et al. 1971; Spitzer & Jenkins 1975; Jura 1975) ; CO is not observed from them in emission although some CO is observed in absorption (Federman et al. 1980) . To some extent, clouds in the solar neighborhood shield each other from H 2 dissociating radiation; to them, a large fraction of the sky is nearly black in the Lyman-Werner bands unless an early type star is closer than the standard cloud mean free path, which is about 100 pc. The top panel of Figure 9 shows a typical spectrum of a nearby hot star in an H 2 absorption line, from Spitzer & Jenkins (1975) . The line center flux is effectively zero, so no photo-dissociating radiation from this transition gets through the intervening clouds to us.
Evidence for diffuse H 2 was shown in a study of dust and HI emission from the Perseus region (Lee et al. 2012 , see also Barriault et al. 2010) . The middle panel of Figure 9 illustrates this region of the sky and the bottom panel shows the probability distribution function (pdf) of K-band extinction, both from Lombardi et al. (2010) . Superposed on the extinction distribution is the threshold for H 2 formation determined by the Copernicus satellite in the 1970's (Spitzer & Jenkins 1975) , namely, A V > 0.3 mag for the solar neighborhood (A K > 0.033 mag in K-band). This extinction threshold corresponds to a mass surface density threshold Σ ∼ 5.9 M pc −2 , and is reproduced by the theory of H 2 formation (e.g., Hollenbach et al. 1971; Jura 1975; Krumholz et al. 2009b; Sternberg et al. 2014) . Also shown in the figure is the threshold for CO formation, which is approximately A V 1.5 mag (A K > 0.165 mag) in the solar neighborhood (Federman et al. 1980; Pineda et al. 2008) . Note the gray-scale bar on the right in the middle panel. The blue horizontal bar near the bottom of it indicates the gray scale threshold for H 2 formation. Most of the image is darker than this, suggesting that molecular diffuse clouds nearly cover the field. Considering also the CO threshold, a small fraction of the area is likely to contain CO, although most of it contains H 2 .
A similar situation but more extreme compared to that in the solar neighborhood arises in dwarf Irregular galaxies where low metallicities make CO hard to form and detect but significant amounts of H 2 are inferred anyway from a high abundance of dust without the usual accompaniment of HI Hunt et al. 2010; Bolatto et al. 2011; Elmegreen et al. 2013; Shi et al. 2014 ; see review in Bolatto et al. 2013) .
The formation of H 2 in giant molecular clouds (GMCs) can be more easily understood if GMCs are collections of diffuse H 2 clouds. If the H 2 forms before the GMCs, then there is no problem with slow molecule formation like that discussed by Mac Low & Glover (2012) . The gas could spend a relatively long time in the diffuse phase forming H 2 if the conditions are right, and then convert back to HI after the GMC phase, when star formation breaks the clouds apart. Molecule formation should not only be a self-shielding process for individual clouds, but also a mutual shielding process for collections of clouds shielding each other (Elmegreen 1993) . Other discussions of diffuse molecular clouds are in Elmegreen (2013) and Shetty et al. (2013 Shetty et al. ( , 2014 .
For reference, the local threshold column density for star formation discussed by Lada et al. (2010) and Evans et al. (2014) is also shown in Figure 9 . It is A K > 0.8 mag, or A V > 7.3 mag, or Σ gas > 145 M pc −2 including He and heavy elements at solar metallicity. The low gas densities in our dIrr sample suggest that most of the interstellar medium is a mixture of warm and cool HI, with a non-negligible but small fraction of the mass in molecular form. Most of these molecules are probably diffuse, also because of the low average density, with sparsely distributed cores in which gravity is strong and stars form. In that case, the molecular fraction can be determined in some average sense by an equilibrium between H 2 formation at the root mean squared density, and H 2 destruction at the mean density in the local average radiation field. This is a different model than determining the transition from atomic to molecular gas at the edge of a single dense cloud, and also different from determining the average molecular fraction from the fraction of the gas mass in the form of isolated dense molecular clouds, which may have applications elsewhere (e.g., Krumholz et al. 2009b) . We return to this point in Section 6.5.
The equilibrium may be written approximately as
where R form is the formation rate of molecules on dust (e.g., Hollenbach et al. 1971; Jura 1975) , Φ is the local radiation field and σ dis is the cross section for H 2 dissociation in the radiation field (which includes the fraction of absorptions leading to dissociation). Equation 2 is analogous to equations (37)- (38) in McKee & Krumholz (2010) , who consider an additional average over radiation frequency. If n(H 2 ) << n(HI) on average, then
for dust-to-gas ratio D DTG and metallicity dependence Z from the dust. We expect that the efficiency of star formation, ff , contains a dependence on n(H 2 )/n(HI), which effectively converts the Σ gas from HI observations into a local molecular column density. This is because most star formation occurs in molecular gas even at low average density and moderately low metallicity (Wong & Blitz 2002; Krumholz et al. 2011 ). Since we measure the radial distribution of n(HI), we need to evaluate the radial distribution of the radiation field Φ in order to compare the expected molecular fraction from equation (3) with the observation of ff (R). A more complete theory would also consider the distribution function of diffuse cloud column densities and the discrete nature of the brightest radiation sources.
Equation (3) is similar to the result in Elmegreen (1993) where, following a more detailed model, the molecular fraction at low molecular fraction, in a combined diffuse and self-gravitating medium, was written as approximately P 2.2 /j for interstellar thermal pressure P . The similarity arises because P ∝ n(HI) for constant diffuse cloud temperature and because volume emissivity j ∝ Φκ a ∝ Φn(HI) for constant metallicity.
Radiative transfer in the diffuse interstellar medium of dIrr disks
We would like to evaluate the radial distribution of the radiation field in our dIrr galaxies, given the observed and derived radial distributions of the HI and stellar densities and the derived scale heights. We do this by solving the integral form of the equation of radiative transfer,
where optical depth is
for variables s and s along a sightline in the direction (θ, φ), where θ is the polar angle with respect to the z direction at the position of the observer (subscript "O") at galactocentric radius R O , and φ is the azimuthal angle measured by the observer around the disk starting at the direction to the galactic center. The volume emissivity and absorption coefficient depend on position in the galaxy. For the V-band emission,
Here we have used two profiles from Figure 8 , the HI density profile for the absorption coefficient and the stellar density profile from the V-band. The HI density profile is a good representation of the absorption κ a if the dust is not confined to dense tiny clouds (much smaller than the HI angular resolution). Such dense clouds can have a long physical mean free path. The ratio of the physical mean free path between clouds to the photon mean free path for dust absorption, 1/κ a , is the intrinsic dust opacity of each cloud, τ cl . If the intrinsic opacity is small, then photons travel through many clouds before they get absorbed on dust and the average density from HI is relevant for κ a . However, the use of κ a ∝ n(HI) does not necessarily assume that all of the absorption is by dust. The real assumption is that the average radiation field in a local volume containing many clouds varies with galactocentric radius as if the total opacity from dust and molecules is proportional to n(HI). The molecular fraction and equation (2) then refer to average formation and dissociation rates among all clouds inside this local volume. It could still be that some clouds are more molecular than others depending on density and opacity.
We also consider a second model that uses the FUV volume emissivity profile j FUV ∝ exp(−2R/R D − z/H star ) from the FUV flux density in Figure 8 divided by H star . The FUV is more appropriate for H 2 dissociation, but if other factors are important, such as thermal heating, cosmic ray flux, or stellar mass, then the V-band profile might be relevant too.
We are interested in the radial trends, so the volume emissivities are normalized to the values at the galactic center. The scale heights are also assumed to vary with radius, as observed in Figure  8 ,
The central absorption coefficient, κ a (R = 0), is given by the relation
where the visual extinction in the center, A V (R = 0), comes from the total hydrogen column density there, N , as A V = N/1.87 × 10 21 , using E(B − V ) = N/5.8 × 10 21 from Bohlin et al. (1978) with a ratio of total to selective extinction R = 3.1. Considering that A V /N should scale with metallicity Z, A V (R = 0) = Σ gas (R = 0)(Z/Z )/(1.87 × 10 21 µ).
We evaluate κ a at the center assuming ln Σ gas = 2 at the center, from the center-middle panel of Figure 8 , and using a mean molecular weight of µ = 2.2 × 10 −24 g. We also assume Z/Z = 1/8 which is about the average for our dIrr galaxies. This gives a central photon mean free path for visible light of 1/κ a = 18.4 kpc. Considering also that A FUV = 8.24E(B − V ) = 2.6A V from Cardelli et al. (1989) , the central absorption coefficient in FUV corresponds to 1/κ FUV = 7.1 kpc. The radial scale length in V-band, R D , is taken equal to the average for our 20 galaxies, which is 740 pc, using the photometry and distances in the LITTLE THINGS survey ).
The galactic cylindrical coordinates (R, z) are related to s, θ, and φ from the point of view of the observer by the equations
This is enough to give the intensity in all directions at radius R O . The average radiation field is then the integral,
The integrals (4), (5), and (11) were evaluated numerically with enough resolution in all coordinates s, θ, and φ, to obtain convergence. The integral over the line of sight, s, had a limit in galactocentric radius, R, of 20 scale lengths and a limit in the vertical direction, z, of 6 times the local scale height for stars.
The results of this integral are used for the evaluation of mean molecular fraction in equation (3), where Φ occurs in the denominator beneath the gas density n(HI). If the residual radial trend in the star formation efficiency per unit free fall time, ff , is the result of variations in the mean molecular fraction, then the curves in the lower right of Figure 6 should follow the trend given by equation (3). Thus we plot n(HI)/Φ in that figure. The green dashed curve is for V-band light with j V ∝ exp(−1.5R/R D ) and 1/κ a (R = 0) = 18.4 kpc, and the red dashed curve is for FUV light with j FUV ∝ exp(−2R/R D ) and 1/κ FUV (R = 0) = 7.1 kpc. The curves are scaled arbitrarily in the vertical direction. The FUV curve is flatter than the V-band curve because the volume emissivity is steeper in FUV than in V-band. Both curves are nearly flat in the center because the mean free path there is larger than the radius, so an observer would see through to the other side of the galaxy where the emissivity is low.
The radiative transfer solution in Figure 6 follows the trend of the efficiency, ff when the V-band light is used for the molecular fraction (green dashed curve). In this case, the SFR is proportional to the product of three quantities: the available HI gas mass, the 3D gravitational rate measured at the midplane density of HI, and the diffuse molecular fraction, which is assumed proportional to the ratio of the gas density to the V-band radiation field. This star formation law is fairly simple, but dIrr galalies may be simple too: gas dominates stars in mass, extinction is weak, the molecular fraction may be low, and the disk is too thick to support 2D instabilities like spiral waves. The dependence on 3D density does not indicate a particular star formation mechanism; many mechanisms have a characteristic timescale proportional to the average selfgravity time, including gas collapse in expanding shells, collapse following turbulence compression, and 3D gravitational instabilities in the ambient medium (Elmegreen 2002) .
Solutions with the FUV radiation field: what they mean about the H 2 layer
The red dashed curve in Fig. 6 uses the FUV radiation profile and the result is a nearly constant ff with radius. The constant n(H 2 )/n(HI) in this case follows from equation (3) (3) is independent of radius.
This result suggests an interesting possibility if we again match the observed radial profiles, but now use j FUV for the evaluation of the molecular fraction. Considering only the H 2 layer as a determinant of the SFR, the areal SFR is
where Σ gas (H 2 ) is the column density of H 2 , τ ff (H 2 ) = (32Gρ[H 2 ]/3π) −0.5 is the free-fall time at the average H 2 density, and 0 is a constant. In this interpretation, the molecular gas is made explicitly relevant for star formation, rather than through a molecular fraction proportional to ff as above.
Now we have to imagine what the H 2 clouds are like in order to derive n(H 2 )/n(HI). They should still be mostly diffuse except for occasional self-gravitating cores where stars form, because the interstellar gas density is low on average. Presumably the cores contain CO molecules. Equation (2) should apply to most regions, but now we might consider a non-negligible molecular fraction, which, after solving, becomes
This equation was obtained by setting n(dust) = (n(HI) + 2n(H 2 )) D DTG . In the previous solution, Φσ dis /n(HI)D DTG R form >> 2 so n(H 2 )/n(HI) << 1. Now with Φ FUV /n(HI) approximately constant with radius, n(H 2 )/n(HI) is still constant, and equation (13) allows it to be unity or larger.
A constant or high molecular fraction seems out of place for dIrr galaxies, where CO has barely been detected yet. However, there is growing evidence that H 2 might be much more abundant than we have been expecting. Leroy et al. (2008) hinted at this given the high SFR per unit HI in dIrrs, and there is also direct evidence for substantial far-infrared emission and dust, which implies a high gas content, even when the HI emission is low, as referenced in Section 6.2 (see review in Bolatto et al. 2013) . The next step is to consider what the profile of Σ gas (H 2 ) might be, as that involves the scale height of the molecular layer in addition to the 3D density, n(H 2 ), which comes independently from equation (2). Here we call upon an important difference between cool HI and H 2 : the atomic gas has a warm thermal phase that maintains a high (thermal) velocity dispersion and a large scale height. Cool HI clouds forming by thermal instabilities in the warm HI layer can appear at any height where the local pressure supports two thermal phases. In this sense, the scale height of cool diffuse HI clouds is not directly the result of some driven turbulent speed, but more the result of the thermal speed of the warm HI, from which the clouds condense and fall down. Such falling could be a source of turbulence in the cool HI medium. The H 2 layer is different because it has no pervasive and warm thermal phase from which cool H 2 clouds condense. H 2 forms where the cool HI is shielded from starlight. The molecular clouds can be confined to the midplane for example, with arbitrarily low turbulent speed and correspondingly thin line-of-sight depth. The thickness of the H 2 layer could be the result of opacity combined with turbulence and direct stirring, since the thermal speed of H 2 is low.
With this in mind, we consider that the H 2 layer thickness does not flare as much as the HI layer, so that Σ gas (H 2 ) scales almost directly with n(H 2 ), i.e., as exp(−R/R D ). Recall, that this is the radial dependence of n(HI) from Figure 8 and n(H 2 )/n(HI) ∼ constant in our model with FUV irradiance. A thin sub-layer of H 2 in the midst of a flaring layer of HI does not violate our assumptions in deriving the molecular fraction, since only the average midplane density of n(HI) was used. Also, the opacity in our galaxies is so low, with optical depths larger than any of these thicknesses, that the vertical distribution of the gas does not much affect the radiation field Φ.
What it means physically for Σ gas (H 2 ) to be proportional n(H 2 ) is that there is a constant number of H 2 clouds per line of sight through a galaxy, whereas with Σ gas (HI) proportional to n(HI)H gas , the number of standard HI clouds per line of sight increases with radius as H gas increases. The H 2 clouds can be at any height above the plane, i.e., they do not have to be exactly in the midplane, but they need a total thickness that is approximately independent of radius. Stars forming in the H 2 clouds should have the same range of heights as the clouds, possibly filling the stellar scale height H star after 100 Myr, which is the stellar age range observed in the FUV band.
This model gives the radial dependence of the FUV and SFR, exp(−1.5R/R D ), as observed in Figure 8 , using the molecular form of the SFR, equation (12), because
This model also gives Σ gas (H 2 )/Σ gas (HI) ∝ exp(−0.5R/R D ) as before (this was ff in the model of Section 6.1), but now it is from H(H 2 )/H gas (HI) with constant H 2 layer thickness. Before, n(H 2 )/n(HI) varied with radius this way, with H(H 2 ) ∝ H(HI). Thus in both cases, the integrated molecular fraction decreases with radius with twice the V-band scale length, but when the FUV band determines the 3D molecular fraction, the local molecular fraction in the region of the H 2 clouds is about constant with radius. Also in both cases, the density used for the dynamical time, n(HI) in Section 6.3 and n(H 2 ) in the present section, is proportional to total interstellar pressure as determined from the column density.
Avoiding a sharp transition in the molecular fraction of the ISM
The inferred variations of FUV volume emissivity, j FUV ∝ exp(−2R/R D ), and midplane gas density, n(HI) ∝ exp(−R/R D ), produce a ratio j FUV /n(HI) 2 that is constant with radius. If we continue to identify the local radiation field, Φ, with j FUV /κ FUV and if κ FUV ∝ n(HI), then Φ/n(HI) is constant. This is the primary assumption made by Krumholz et al. (2009a,b) in their derivation of molecular self-shielding in clouds. With this assumption, the ISM can maintain two thermal phases and cool HI clouds are possible. This is an important aspect of our model also because cool HI clouds are the source of molecules and eventual star formation even in a diffuse molecular medium.
If we consider molecule formation on a cloud-by-cloud basis, which means that clouds are either highly molecular beyond some column density threshold or highly atomic below this threshold, then we would obtain a certain variation of average molecular fraction with galactocentric radius that may be compared with the observations. In Krumholz et al. (2009b) , such an assumption produces a sharp radial transition in the overall molecular fraction of the ISM, and this sharpness is offered as an explanation for the break in the slope of the star formation -column density relation between the inner and outer disks (see Section 1). A sharp transition is inconsistent with the smooth variations in FUV and gas properties that are observed in our dwarf galaxy sample here.
To be more specific, we consider two examples. We first model the formation of molecules according to equation (2), which may be re-written in terms of a threshold column density for individual clouds to shield themselves and form H 2 . Writing this threshold as Σ thresh = (n(HI) + 2n(H 2 ))L for cloud depth L, we obtain
where n(H 2 )σ dis L ∼ 1 at the threshold because this is the optical depth for self-shielding. If Φ/n(HI) ∼constant with radius in the FUV case, then the shielding threshold is also about constant. The column density for shielding is about constant in the model by Krumholz et al. (2009b) too, as given by their equations (12) or (49) and their Figure 4 at high Σ obs , because they also have a constant ratio of photon to gas density.
To see the implications of the shielding layer on a population of clouds, we set the radial profile of the molecular fraction in a galaxy equal to the radial profile of the mass fraction of all of the shielded parts of clouds. Clouds with column densities greater than Σ thresh are assumed to have the excess column density in molecular form and the rest atomic, while clouds with Σ < Σ thresh are assumed to be totally atomic. This means that as the pdf for cloud column density (Fig. 9) shifts toward lower mean values with increasing radius, the integral above Σ thresh of the pdf multiplied by Σ − Σ thresh , which is the molecular part, decreases also. The log-normal form of this pdf causes the integral to drop abruptly at some radius.
The molecular fraction in this threshold model is given by
where
The dispersion S is usually written in terms of an effective average Mach number (Padoan, Nordlund & Jones 1997) 
and the column density at the peak is proportional to the average column density of clouds,
The radial variation of Σ ave is not known as this is for individual clouds rather than for the whole ISM, which is what we measure directly. We assume in two models that it varies either as the observed HI column density, which is approximately ∝ e −0.5R/R D in the star-forming region (Sect. 6.1 and Table 2 ), or as the inferred HI midplane density, which is approximately ∝ e −R/R D . What enters then is the dimensionless ratio of the average central column density to the threshold column density for H 2 , A = Σ gas (R = 0)/Σ thresh . Figure 10 shows the molecular fraction versus radius for one case where Σ ave follows the observed HI column density (dashed lines) and another case where Σ ave follows the inferred HI midplane density (solid lines). Blue curves assume A = 10 so the central region is highly molecular, and red curves assume A = 2. Both use M = 4 to get some breadth in the pdf. According to the discussion in Section 6.1, the deviation between the observed star formation rate and the dynamical rate, Σ gas /t ff , varies approximately exponentially with radius, and we interpreted this as a possible variation in the fraction of the ISM in the form of cold molecular clouds -molecular because this additional variation is not seen in the HI profiles, and cold because they are eventually involved with star formation, perhaps after 3D processes with self-gravity. Such a variation would be a straight line in Figure 10 , and not a steeply falling curve. The falling curve means that the H 2 fraction has a sharp cutoff at some radius where the average column density of a cloud is comparable to the threshold column density in the local radiation field. A second model with an H 2 cutoff is based on the theory in Krumholz et al. (2009a,b) which considers the molecular content of individual clouds in more detail. That model calculates the HI boundary layer of spherical clouds using H 2 self-absorption and dust absorption, and it uses this layer to determine the molecular fraction in the cloud given reasonable assumptions about the ratio of H 2 and HI densities. The model also assumes a constant ratio of radiation density to average gas density in order to maintain a 2-phase ISM.
In Krumholz et al. (2009b) , the molecular fraction in a cloud approaches unity when their variable s greatly exceeds 1, where s = Σ comp Z/ψ for cloud column density Σ comp in units of M pc −2 , Z is the metallicity in solar units, and ψ is a variable of order unity that depends on the ratio of radiation density to gas density. For their fiducial model with Z ∼ 1/8 as for our galaxies, their equation (7) gives χ = 1.88 for φ CNM = 3 and standard absorption and formation coefficients for H 2 , and their equation (10) then gives ψ = 1.08. Thus s = 0.12Σ comp . Now looking at their equation (39) for the quantity R H 2 = n(H 2 )/n(HI), and writing
we see that this molecular fraction approaches unity for s >> 11, which corresponds in our case to Σ comp >> 100 M pc −2 . At s << 8.4, the molecular fraction goes to zero as (s/12.1) 3 , which is (Σ comp /100) 3 . At low molecular fraction, this expression should be considered an upper limit. The result is a rapid drop in molecular fraction with the third power of the decreasing gas column density.
A similar rapid drop in molecular fraction is obtained from equation (2) in Krumholz et al. (2009a) . We evaluate that equation again with metallicity Z = 1/8, which gives χ = 1.89, s = 151/Σ comp , δ ∼ 0.21 for large s, and molecular fraction approaching zero for low Σ comp /151 as (Σ comp /129) 5 .
These rapid drops in molecular fraction for the pdf-threshold model and for the Krumholz et al. (2009b) and Krumholz et al. (2009a) models may explain the transition between the inner molecule-rich and outer molecule-poor regions of spiral galaxies, which seems to be relatively sharp in the observations by Bigiel et al. (2008) and others. Different processes seem to be at work for dIrr galaxies and perhaps also for the far-outer regions of spirals where the variations in SFR appear to be smoother. This is the primary reason for the diffuse cloud model in Section 6.2, which considers average H 2 formation and destruction rates in large volumes rather than threshold shielding in individual clouds.
Searching for the edges of star-forming disks
Dwarf irregulars probe star formation at extremely low surface densities, where 2D processes like spiral waves are inactive (Sect. 4) and the gas consumption time can exceed a Hubble time. In Figure 8 and Table 2 , our sample is traced out to where the gas surface density is ∼ 1 M pc −2 , the stellar surface density is ∼ 0.1 M pc −2 , and the areal SFR is ∼ 10 −5 M pc −2 Myr −1 . Note that this SFR multiplied by the Hubble time equals the stellar surface density, so the observed rate is about equal to the average rate over the life of the galaxy.
These limits were also found in a previous study (Hunter et al. 2011 ) of four dIrr galaxies and a BCD galaxy using deep V and B band observations along with FUV from GALEX and HI from LITTLE THINGS and THINGS . We traced the disks down to about 29.5 mag arcsec −2 in V band with B-V∼ 0.3 − 0.4, giving a mass-to-light ratio of 1.07 for a constant SFR with a Salpeter (1955) IMF (Bell & de Jong 2001) . Then the stellar density is ∼ 0.06 M pc −2 (0.03 for a Chabrier IMF). At the last traceable point of FUV or Hα, the gas surface density was ∼ 1 M pc −2 and the star formation rate ∼ 10 −5 M pc −2 Myr −1 , as for the present sample. The gas surface density continued down to 0.1 M pc −2 in DDO 53 and DDO 133, which are in the present sample too.
The same limits apparently apply to spiral galaxies. In M33, Grossi et al. (2011) found that star formation extends for about 10 inner scale lengths, to a radius of 60 arcmin where Σ HI ∼ 1 M pc −2 and Σ star ∼ 0.1 M pc −2 . Both gas and stars go further than this although the stars have a shallower profile in the outer region. In NGC 7793 (Radburn-Smith et al. 2012) , star formation ends before the gas and stars, at Σ gas ∼ 1 M pc −2 , Σ star ∼ 0.1 M pc −2 , and Σ SFR ∼ 10 −4.5 M pc −2 Myr −1 . In NGC 2403 (Barker et al. 2012) , star formation goes for 8 exponential scale lengths down to a V-band surface brightness of ∼ 29.5 mag arcsec −2 and old stars continue further with a shallower slope, so this is about the same limit. In Hunter et al. (2013) , NGC 801 and UGC 2885 have observed star formation to the same limits in Σ gas , Σ star , and σ SFR .
Gas mass dominates stellar mass in these far outer regions, so the disk total gas pressure, scale height, and midplane density follow from the equations for a gaseous disk with a velocity dispersion σ gas . When Σ gas = 1 M pc −2 , the pressure is (π/2)GΣ 2 gas = 34k B for Boltzmann constant k B , the scale height is σ 2 gas /πGΣ gas = 4.7 kpc, and the midplane mass density is 0.5πG(Σ gas /σ gas ) 2 = 7.22 × 10 −27 g cm −3 , which corresponds to n(HI) = 0.0033 cm −3 . Here we have assumed a gaseous velocity dispersion σ gas = 8 km s −1 for the far outer parts from Table 2 . Also from these numbers, τ ff = 780 Myr. If Σ SFR = Σ gas /τ ff , then = 7.8 × 10 −3 when Σ SFR = 10 −5 M pc −2 Myr −1 . This value of is consistent with the values found at large radii in the lower right panel of Figure 6 .
Stars and HI gas continue further than star formation in most of the galaxies mentioned above, and they do so for many in the present sample as well. The radial profiles in Figure 8 are plotted only out to the edge of the FUV light where the SFR can be measured. Figure 11 plots the HI and derived data out as far as the observations go. The 3D density is determined from Σ gas assuming that gas dominates stars, as above, and using the observed velocity dispersion at the appropriate radius. The free fall time comes from the density. In some cases, the full HI radial profiles go out nearly twice as far as the star forming parts shown in Figure 8 , and the slopes change in the outer parts. One of the red lines in each panel is the slope tabulated in Table 2 , which is from the radial range where FUV is detected, while another red line suggests a different slope, more appropriate to the outer regions.
The smooth exponential profiles and large τ ff for the outer regions shown in Figure 11 call into question some of the modern ideas about cosmic accretion. Cosmic accretion seems required to explain the continuous presence of star formation in galaxies of moderate to low mass when the gas consumption time is only ∼ 0.2 times the current Hubble time (Dekel et al. 2013) . For ∼ 2% efficiency, the consumption time is 50τ ff . This replenishment scenario applies mostly to the inner parts of spirals. However, when the consumption time is comparable to or longer than the Hubble time, accretion is not needed for the same reason, and may even result in too much gas collecting in the outer parts. In Figure 11 , the HI profiles do not show an excess when τ ff gets large, they continue to decline with about the V-band scale length in most cases (which is even steeper than for the inner regions). Three galaxies in the upper left panel have more slowly declining Σ gas and n(HI); these are DDO 75 (Sextans A), DDO 154 (NGC 4789A), and Haro 29.
As mentioned above, stellar disks often continue further out than the known star formation, in which case the disks cannot be made there but have to move there. Outer disks also have smooth exponential surface density profiles like inner disks. Bars (Debattista et al. 2006 ) and spiral waves (Berrier & Sellwood 2014) could be responsible for the exponential profiles in the main disks of spiral galaxies and barred dIrr galaxies, and these structures might even scatter stars to the far outer regions where star formation stops (Roskar et al. 2008) . However, in non-barred dIrr galaxies, the only irregular structures that seem capable of scattering stars are gas clumps, which might also make exponentials (Elmegreen & Struck 2013) .
Our observation that star formation follows the dynamical time at the midplane density implies that 3D self-gravity in the gas is still important even without spirals. This 3D gravity should make dense clouds throughout the disks in our sample. Moreover, the dominance of gas in the outer parts (the midplane gas-to-star density ratio is ∼ 10 according to Table 2) implies that such clouds are the main scattering sites for ambient stars. Thus the outer disk profiles of old stars could be the result of stellar scattering off of massive conglomerations of diffuse clouds.
Conclusions
The star formation properties of 20 dIrr galaxies have been examined in relation to the average radial profiles of gas and stellar mass, FUV intensity, velocity dispersion, and rotation rate. The disks are found to be relatively thick and stable against 2D self-gravitational processes, which probably explains why there are no spiral waves, but which also suggests that star formation is fundamentally a 3D process. The star formation rate agrees fairly well with the conventional expression, ff Σ gas /τ ff , also giving the usual efficiency, ff , of one per cent, when the free fall time, τ ff , uses the 3D midplane density evaluated from the HI column density divided by twice the HI scale height. The resulting correlation is fairly tight and the same for all galaxies, suggesting that ambient self-gravity in 3D is important for regulating the SFR. We find a radial variation in ff that has an exponential form with a scale length equal to about twice the V-band scale length. The origin of this ff variation is not obvious as it is likely to come from a combination of effects including radial variations in the molecular fraction and in the fraction of the gas that is cold and dense enough to collapse into stars. A simple model considering only the molecular fraction in a diffuse interstellar medium from a balance between H 2 formation at the rms density and H 2 destruction at the mean density and radiation field, gets about the observed trend when the atomic and molecular layer thicknesses increase with radius in the same way.
Another model using the radial profile of FUV radiation to determine the trend in molecular fraction gives the observed SFR profile too, but only when the molecular layer does not flare like the HI layer. This seems to be a reasonable proposition that might be tested in edge-on dIrr galaxies. In this second model, the SFR is proportional to the ratio of the molecular surface density to the molecular dynamical time with a constant efficiency. In the absence of a molecular flare, this ratio is the same as the 1.5 power of the molecular surface density. This scaling with molecules is different from that in the inner parts of spiral galaxies where the SFR seems to scale with the 1st power of the molecular density (see references in Section 1), but there are other differences between these two regions also, such as the lack of a gaseous flare, a closer correspondence between H 2 and the more easily observed CO, and a higher density, opacity and degree of self-gravity for the inner regions of spirals.
Other models that consider a threshold for the presence of H 2 in clouds, as might arise from a shielding layer around the molecular part of a massive cloud, imply sharp declines in the radial profiles of the molecular fraction that are not inferred from the smooth profiles of everything else observed here. Perhaps these threshold models explain the difference between the inner and outer disk properties in spiral galaxy, but they do not appear to apply to dIrr disks alone.
The radial profiles of the gas surface densities are generally shallower than the radial profiles of the V-band light, which are shallower still than the radial profiles of the FUV light. All have approximately exponential shapes, and the scale lengths center around factors of 2, 1, and 2/3, respectively, times the V-band scale length, R D . The radial profiles of the gaseous and stellar scale heights are exponential also, and similar to each other with a scale length of twice R D . As a result, the midplane densities for stars and gas have different profiles than the projected densities. For example, volume emissivities for V and FUV bands drop faster than their surface brightnesses, and the radiation fields in these bands, given approximately by the volume emissivity divided by the opacity, drop slower than the surface brightnesses. Radiation fields are stronger in the outer parts of galaxies than the surface brightness profiles suggest.
The conditions in our galaxies could be representative of the conditions in the far-outer parts of spiral galaxies, where gas also tends to dominate stars and thickness effects become important for stabilization. Spiral galaxies still have spiral waves in the outer parts, however, while dIrrs do not, so there could be a difference in how GMCs are assembled in the two cases. From Hunter & Elmegreen (2006) .
is the SFR determined from GALEX FUV fluxes (Hunter et al. 2010) , with an update of the GALEX FUV photometry to the GR4/GR5 pipeline reduction presented in Zhang et al. (2012) . Table 2 . Radial Trends a V represents the "variable" given in the first column; the second column is the natural log of this variable in the galaxy center, the 3rd column is the range out to 4 scale lengths, and the 4th column is the slope on a ln-linear plot. The exponential V-band light profile would have a slope of −1. The distribution of the ratio of the local HI surface density and the Kennicutt (1989) critical density for star formation, based on the 2D stability analysis. The dIrr galaxies considered here have high values of Q gas and very high values of Q star , making them effectively stable against radial motions and spiral waves driven by self-gravity. The low values of Σ gas /Σ crit suggest the same thing. Fig. 2 .-The distributions of vertical scale heights for gas (top) and stars (bottom) for all of the radii and galaxies in our survey. The scale height is given in three forms: absolute (left), relative to the local radius (center), and relative to the local epicyclic scale (right). By all measures, the scale heights are large, which weakens self-gravitational forces parallel to the disks and makes the 2D gravitational instability even less effective than indicated by the large Q values alone. Fig. 3 .-Dispersion relations for the 2D, two-fluid gravitational instability, plotted as unstable growth time versus pertubation scale, with one curve for each radial interval in galaxies DDO 50 (top) and DDO 75 (bottom). Thickness effects are included in a self-consistent way for the righthand panels, but for the left-hand and center panels, thicknesses equal to 0.1 and 0.4 times the true thicknesses are assumed just to show the functional forms of these relationships. When the thickness is forced to be smaller than the true thickness, the gravitational instability is stronger and the growth time is smaller. These left and center panels are unrealistic, however. At the full galaxy thickness, the growth time of the 2D two-fluid instability is very long, indicating relatively weak self-gravity compared to other forces. Fig. 4 .-The fastest growth times regardless of perturbation scale for the 2D two-fluid instability are shown versus radius for all of the galaxies in our survey. The black curves assume zero thickness to maximize the self-gravity of the disk. Even then, the growth times are long in some cases, equal to or exceeding 100 Myr. The blue curves assume disk thicknesses equal to 0.1 times the true thickness, while green and red curves assume 0.4 and 1 times the true thickness. Very few galaxies have unstable growth times less than 10 Gyr at the full thickness, so there are almost no red curves here. , plotted on a log 10 scale, is shown versus the log 10 of the gas surface density, as determined from HI with a correction for He and heavy elements, for all radial annuli and galaxies in our survey. The red line is a fit to all of the points (slope = 1.76 ± 0.08) and the green line is an average of the fits to each galaxy (slope = 2.95 ± 2.09). The areal SFR is on the right-hand axis. (center) The ratio of the gas surface density to the critical value from Kennicutt (1989) is plotted versus the fastest growth time of the 2D two-fluid instability for the four cases of disk thickness indicated by color (cf. Fig. 3 and 4) . The red points are the most realistic because they use the full thickness of the galaxy to determine the self-gravitational forces. Sub-threshold surface densities have long growth times, too long to control star formation (i.e., they are a Gyr or more when the full disk thickness is considered. (right) The FUV flux and areal SFR increases with the ratio of the gas surface density to the 2D gravitational instability time, but there is too much scatter for all but the artificial zero-thickness case (black points) to conclude that the 2D instability controls star formation. The black line has a slope of 1 with arbitrary height. Fig. 6 .-Correlations suggesting that the areal SFR equals an efficiency ff of ∼ 1.0% (lower left) of the HI gas surface density per unit free-fall time at the midplane HI density, with a radial dependence of ff (lower right) that parallels the dependence of the molecular fraction in a diffuse interstellar medium (green dashed curve). Top and middle left: SFR versus model rates using the gas and stellar midplane densities, respectively. The correlations are similar because the stellar density is proportional to the gas density (central panel, middle row), but it is tighter using the gas rate (top left panel and right-hand panel in the middle row). The quadratic relation between the SFR and the gas surface density (Fig. 5 ) corresponds to the upper left panel because of the dependence of the gas scale height on the free fall time and surface density (upper center and right panels). In the central panel of the bottom row, ff is plotted versus radius for all of the galaxies from left to right, as indicated by each horizontal segment in the rising curve. A radial decrease is evident for each one, as also shown in the lower right panel where each galaxy is a different curve with an average slope given by the dotted black line. The other two lines in the lower right have fiducial slopes of −0.5 and −1 for comparison. The red dashed curve is the molecular fraction when the radial profile of FUV light is used to determine the dissociation rate. This red-dash curve is not a good fit to the data in these cases where it is assumed that the H 2 and HI thicknesses increase with radius in the same way. The FUV model is a better fit if the H 2 thickness is constant, as discussed in Sect. 6.4. Lombardi et al. (2010) showing the H 2 , CO, and star formation thresholds discussed in the text. A large fraction of the diffuse interstellar medium in the solar neighborhood is H 2 . Fig. 10 .-Radial profiles of molecular fraction in two threshold models for H 2 formation. Blue curves are for a highly molecular ISM in the center, where the ratio of the mean surface density of gas to the H 2 formation threshold equals 10, and red curves are for a moderate molecular fraction in the center, where this ratio equals 2. Dashed curves assume the average cloud column density scales with the total HI surface density and solid curves assume the average cloud column density scales with the midplane 3D density. One red line in each panel has a slope given by a fit to the inner regions (Table 2 ) and another red line, if there is one, suggests a different slope for the gas in the outer region.
